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Abstract: We begin by defining the period map, which relates families of K&hler
manifolds to the families of Hodge structures defined on their cohomology, and discuss
its properties. This will lead us to the more general definition of a variation of Hodge
structure and the Gauss-Manin connection.

This talk is based upon an introductory paper by Griffiths [GT84] and Chap-
ter 4 of the book by Carlson, Miiller-Stach and Peters [CMSP03]. References
to specific results and any material not contained in these two sources will be
provided where appropriate.

1 Polarised Hodge structures.

Let X be a compact Kéhler manifold with K&hler form w. Fix once and for all
an integer n > 0. Let Hy := H"(X,Z)/torsion and H := Hz ®;C =2 H"(X,C).
Recall that we may decompose H as a direct sum

H= @ H".
ptg=n
The data (Hz, HP?) is a pure Hodge structure of weight n.

Remark 1. In this talk, by a pure Hodge structure of weight n we will mean
a finitely generated free abelian group Hyz along with a decomposition H =
D, 4= A" of H := Hy, ®y C satistying H"9 = H®P.

Remark 2. It is also common to see a pure Hodge structure of weight n defined
by a decreasing filtration {F?} on H

H=F’>F'>...0F"

such that H & FP @ Fn—p+l. The two definitions are completely equivalent:
given a decomposition H = @pﬂ:n HP? we may define a filtration by set-
ting F? := H** @ -.- ® H?""P, and given a filtration {F”}, we may define a
decomposition by setting H?>? := FP N F4.



We can use w to define a nondegenerate bilinear form Q: Hyz x Hzy — Z by

n(n—1) im —n
Qe = (—1)"% /Xé“An/\wd (x)-n,

Q@ extends to H by linearity and has the following properties:

(1) @ is symmetric if n is even and skew-symmetric if n is odd.
(2) Q(&,m) =0 for & € H™ and ny € H? ¢ with p # ¢.
(3) P9Q(&,€) > 0 for & € HPY non-zero.

Conditions (2) and (3) are called the Hodge-Riemann bilinear relations.
This motivates the following definition:

Definition 1. A polarised Hodge structure of weight n consists of a pure Hodge
structure (Hz, HP'?) of weight n together with a nondegenerate integer bilinear
form @ on Hyz which extends to H by linearity and satisfies (1)-(3) above.

Remark 3. It is also common to see the Hodge-Riemann bilinear relations
written in terms of the filtration {FP}. In this case they become:

(2') Q(FP, Fr=r+l) =,

(3") Q(CO¢,€) > 0 for any nonzero & € H, where C: H — H is the Weil operator
defined by C|gr.a = iP79.

2 The local period mapping.

Let f: X — A be a proper smooth surjective morphism onto a complex polydisc
A, whose fibres X}, are compact Kahler varieties for all b € A. Assume that
there exists w € H?(X,Z) such that, for each b € A, the restriction wy, := w|x,
is a Kahler class.

As f is smooth and A is simply connected, there is a unique isomorphism
H"(Xy,Z) 2 H"(Xy,Z) for any b,b' € A. We may therefore define Hz :=
H"™(Xy,Z)/torsion and H := Hz ®z C = H"(X,C), and these definitions do
not depend upon the choice of b € A. The class w induces a bilinear form @ on
Hy as above, which extends to H by linearity.

The induced isomorphisms H"(X;,C) = H"(Xp,C) do not preserve the
Hodge decompositions of these spaces; instead, the Hodge decomposition of
H™(X,,C) varies continuously with b € A. In particular, the dimensions h?*? :=
dim(HP-?) of the subspaces are fixed (these dimensions are called the Hodge
numbers).

Furthermore, if {F}} is the Hodge filtration on H™(X3,C), we find that
{F?} has the following properties:

OFY

o C Fp (holomorphicity)
OF}
a—bb c PPt (Griffiths transversality)



Define:

Definition 2. Let D denote the set of all collections of subspaces { H??} of H
such that H = @, ,,_,, H?? and dim(H??) = kP9, on which @ satisfies the
Hodge-Riemann bilinear relations (2) and (3).

Remark 4. In terms of filtrations, D may be defined as the set of all filtrations
H=F'>F'>...oF",
with dim(FP) = h™0 + ... + hP" P on which Q satisfies (2’) and (3).
There is a well-defined morphism ¢: A — D, where ¢ takes b € A to the

point in D corresponding to the Hodge decomposition of H" (X, C).
This morphism has the following properties:

e ¢ is holomorphic and is called the local period mapping (this property is
equivalent to the holomorphicity property of the filtration {F}'}).

e D is a complex manifold, called the local period domain.

3 The global period mapping.

Studying families over a polydisc A does not allow us to consider the situation
where we have a family over a base that is not topologically trivial. If our
base B is a more general complex manifold, then the isomorphism H™ (X}, Z) &
H™(Xy,Z) for b,b' € B is not necessarily unique. This means that the period
map is no longer well-defined. To compensate for this, we must quotient the

period domain D by the action of monodromy.

Let
G :={g: Hz — Hyz | Q(g€,gn) = Q(&,n) for all {,n € Hz}. (1)
G acts on D in the obvious way. We have a monodromy representation
p:m(B) = G.

Suppose that I' C G contains the image of p. Then we have a well-defined
map ¢: B — T'\D. This is the global period mapping. The quotient T\D is
called the period domain.

4 Variation of polarised Hodge structure.

We can use this to define abstract variations of polarised Hodge structure.

Let Hyz be a finitely generated free abelian group equipped with a nonde-
generate bilinear form ). Let D be a local period domain classifying Hodge
structures of weight n on H = Hy ®yz C polarised by the bilinear form @, with
given Hodge numbers {h?'?} (defined as in Definition 2). Define the group G
as in Equation (1) and let I' C G be a subgroup. Finally, let B be a complex
manifold.



Definition 3. A map ¢: B — I'\D defines a polarised variation of Hodge
structures on B if

(i) for every point b € B, the map ¢ restricted to a small polydisc around b
lifts to a holomorphic map ¢: A — D (¢ is said to be locally liftable), and

(i) the local lifts at any point satisfy Griffiths transversality.

5 Variations of Hodge structure.

In more generality, let B be a complex manifold and let Fz be a locally constant
system of finitely generated free Z-modules on B. Define FE := EFz ® Op. Then
FE is a complex vector bundle which carries a natural flat connection V: E —
E® QY (the Gauss-Manin connection), induced by d: Op — QL. Let {FP} be
a filtration on F by holomorphic sub-bundles.

Definition 4. This data defines a variation of Hodge strucures on B if
(i) {F?} induces Hodge structures on the fibres of E, and

(i) If s is a section of F? and ( is a vector field of type (1,0), then Vs is a
section of FP~! (this is an alternative formulation of Griffiths transversal-

ity).

If Ey carries a nondegenerate bilinear form @Q: Ey x Ey — Z, we have a
polarised variation of Hodge structures if, additionally:

(iii) @ defines a polarised Hodge structure on the fibres of E, and

(iv) Q is flat with respect to V, i.e.

dQ(s,s') = Q(Vs,s') + Q(s, Vs')
for any sections s, s’ of E.

Lemma 5. [CMSP03, Lemma 4.5.3] This definition agrees with the previous
one.
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